NORTH SYDNEY GIRLSHIGH SCHOOL

HSC M athematics Extension 2

Assessment Task 1 Term1l 2009

Name: M athematics Class:

TimeAllowed: 60 minutes + 2 minutesreading time
Available Marks: 52

Instructions:

Questions are not of equal value.

Start each question on a new page.

Put your name on the top of each page.

Attempt all four questions.

Show all necessary working.

Marks may be deducted for incomplete or poorly arranged work.
Write on one side of the page only. Do not work in columns.
Each question will be collected separately.

If you do not attempt a question, submit a blank page with your name and the question
number clearly displayed.

PR




Question 1: (13 marks) Marks

@ Simplify, expressing your answer in the form a + ib wherea and b are real numbers.

iy (6-2) 1
(ii) % 2
(b)  Solve x* - 2ix+3=0 over the complex field. 2
(© Write —/3+i in modulus-argument form and hence evaluate (—\/5 +i )12 : 2
(d)  Findthereal valuesof aand bif (a+ib)’ =40-42i anda> 0. 3

(6  Letzbethe complex number for which |7 =4 and arg z= 2?”

(1) On an Argand diagram, plot the point P that represents z. 1

(i)  Without calculation and on the same diagram, plot the points X and Y 2

which represent the complex numbers Jz and Z respectively, showing
the relationships between the points.
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Question 2: (14 marks) Answer on the answer sheet provided. Marks

@ Thegraph of y= f(X) isillustrated below. Thereis ahorizontal asymptoteaty =1,
aminimum turning point at (0,-1) and amaximum turning point at (2,1).

The curve passes through (4,-1)

On the separate number planes provided, sketch the graphs of each of the following,
clearly labelling any turning points, intercepts and the equations of any asymptotes.

. 1
() —m 2
@ y=[f(x7] 2
(iii) y* = f (X) 2
W = (3 2
v) y=2"0 2
] " _[f(x) if 0sx<4 here T (x)is defined as ab
(b) g(x)= ((8-x) it 4<x<8 where f (x)is defined as above.
(i) Evaluate g(6). 1
(i)  Neatly sketch y=g(X). 2
(i)  Solve g(x)>-1. 1
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Question 3: (13 marks) Start a new page

@

(b)

(©)

Consider x>+ y® =3xy+3.

(1) Find the value of % at the point (2, 1).
X

(i) Find any points at which the derivative is undefined.

(i)  Simplify (-4i)’.

(i) Hence write in modulus-argument form all the complex numbers z
such that z° = 64i .

(iii)  If aand Sarethetwo non-real cube roots of 64i with positive arguments
provethat a™" + g*" = 2™ where nisan integer.

The points A and B represent the complex numbers z=2+i andw=2iz
respectively. O isthe origin.

(1) Show that [JAOB isaright angle.

(i) If OACB is arectangle, find the complex number represented by C,

Extension 2 Task 1 2009

Marks



Question 4: (12 marks) Start a new page

@ () On the Argand diagram, sketch the locus of P which represents z where
z+z2=|7".

(i) Find the values of k for which thereis at least one solution to the
simultaneous equations

ag(z+1) =k and z+z=|7".

() ()  Sketchthegraphsof y=x(x-3) and y=3+2|x-x* onthesame
number plane given that x = =1 isapoint of intersection.

3+2|x|—x2
— = <

(i) Use your graphs to solve the inequality
x(x~3)

End of Paper
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Name:

Answersfor Question 2

Class:

. 1
a() y=—-—
(%) 1
y=1(x)
1
<-mes < ’---Z.T..f“,',:“_'”""""""'""T_,T-"""T‘”"’A"""""""""">
______________________ :_i..d-___________________;"1',._.‘""____________
3
i) y=[1()] y
A
y=1(x)
1
<o < 7--?-?.:[,:“_""'"'""""""j_,?-"""T‘ [TTTTTTT T
______________________ :_i..d___________________;"1',._.";___________
a) (iii) y2:f(x)
y
A
y=f(x)
1
<o D I TTTToTTToTTT>
______________________ :'_i.._-___________________;"12____________
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y
A
y=1(x)
1
<---- QLI SATmIITTTSossosssososooD>
A
______________________ :_i..d-'___________________;"1',._.";___________
a) (v =2
) (V) Y y
A
y=f(x)
<----- < _____ __________ :l- _________ :--'_'"‘I""":..____________________>
R
______________________ :'_i..ﬁ___________________;"1::___________
f(x) if 0sx<4
by  g(x)= .
f(8—x) if 4<x<8
(i)  Evaluate g(6)
(i)  Neatly sketch y=g(x).
y
A
y=1(x)
1
<-moos p G :-""'T'""t»'"""'"""""">
A
______________________ :;i._--;__________________;"“:"'.____________

b) (ii) Solve g(x)>-1
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HSC M athematics Extension 2 Assessment Task 1 Solutions

Question 1.

@ 0 (6-2) =36-24+ & (i) 5+i_5-i 1-i
=36-24- 4 1+i  1+i  1-i
=32-24 _>-6-1

1+1
_4-6
(b)  x*-2ix+3=0 2
. \2 =2-3

2z (-a) -4(3(3

2
_2ix~[-4-12
- 2
it 4
2
=—i, 3

Imz

()

(d)

‘ﬂ@+W=¢§E=2mw wq‘ﬁyﬂ=ﬂ‘%

51
6

0 (—\/§+i): 2(cosz +i sirez)

Now (—/3+i - o cosz +i sigz)]”
6 6
=2(cog2287) +i sir(22Z)) by de Moivre's theort
=2"(cos10r+i sinl@)
=2"(1+q)
:212

(a+ib)’ =40- 42 anda> 0.
a’+2ab-b*=40- 42
Equating real and imaginary parts

T 1)
T X W 2)
But |(a+ib)’| =|40- 42
0 a?+b?*=+40%+ 42
=58 3)

Adding (1) and (3): 2a?=98
a’=49 but a> (

a=7
Sub into (2): 7b=-21
b=-3 0 a=7,b=-3
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€ () and (ii)
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@ (v) |y = f (x)

(b) () g(6)=1(8-6) as &x< ¢

= 1(2)

(b) (ii)

(b) (iii) Solveg(x)>-1: 0<x<8, x# 4

Question 3:
(@) () Xy =3y+ 3

dy dy
3 +3y°—= = K->+
y dx dx y(3

3y2ﬂ—3xﬂ= y- X
dx dx

Oat(L,d -Z=——=:
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(a) (ii) The derivative is undefined wheyf - x=0
Then x = y?and substituting into the function gives:
2\ L\ 3 — 2
(y ) +y —3(y )y+3
y*-2y*-3=0
(v'=3)(y*+1=o0
y’=3ory’=-1

y=33ory=-1ie. at(é/_gé/_;s and 4,).

(b) (i) (-4)*=-64"
=64

(b) (ii) If Z® =64 then-4i is one solution as demonstrated above. The otheatians lie evenly
spaced around the circle passing througjhas illustrated in the diagram below.

Imz
1 Nowﬁzz—ﬂ—g—l—T
3 2 6
Hence the roots are:
/2_”0 >Rez z,=4(cost+i sirE) z,= 4 co¥+i sif)
: and z,=~4i = 4] co{~%) +i si{~%)]

-4

(b) (i) Let a andB be two of the roots of® = 64i
gt +ﬁ12n :(0'3) +(ﬂ3)4”
=(64i)" +(64)"
= 2><(2‘5i)4n
= 2x(2i")
= 2x 2 x(i)

= 224n+1

4n

(c) () w=2iz=i(2z) Hencew is the rotation of 2 90" anticlockwise abou®.
w is also twice the length of the vectoiThese results are illustrated in the diagramveelo

[
e [ JAOB = 90°
B (c) (ii) If OACB is a rectangle, the complex number
represented Wy is located as illustrated in the
diagram.
0 OC =z+w
=z+2iz
A =2+i+21(2+i)
=bi
> Rez
O
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Question 4.
(a) (i) Z+2=M2 let z=x+iy ITz

2x=x>+y” and hencg>

N
z+7=|4" becomes /_\
2
oty +{x-i) = (57 T

X2 -2x+y?=1
(x-1)"+y* =1

This is circle with centrél, O) , radius 1 as illustrated in the diagram above.

(@) (i) arg(z+ ]) is the angle made with the positive real by vexteith tails at-1.

For there to be at least one solution to the gla@quations, these vectors must intersect the
circle obtained in (i) above. The case when tiheo:ly one solution is illustrated below.

Im z Now AB = 2 andCB = 1

A
C
OACB =90° (angle between tangent and radius)
Aw4g/ B ink =+
> Rez U Sin k= E
2
k="

6
O for at least one SO|utiOﬁgS k sl—g

(b) (i) Let f(x)=3+2x-x*. Note that|x|2 =x? and theny =3+ 2| -x* = f (|x|)
y

y=x(x-3)

y=3+2|x-x

3+ 2§~ %
(b) (i) If (Lg)xsl then the functions must have different signs {ti@n the quotient will be
X(Xx=

negative) or, if they have the same sign, ther3+ 2| x| - x> must lie closer the-axis than

y =x(x-3). Also, x# 0,3. These conditions are all met wher< -1, x>0 and x# .
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End of Solutions
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